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Long-time correlated quantum dynamics of phonon cooling
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We investigate the steady-state cooling dynamics of vibrational degrees of freedom related to
a nanomechanical oscillator coupled with a laser-pumped quantum dot in an optical resonator.
Correlations between phonon-cooling and quantum-dot photon emission processes occur respectively
when a photon laser absorption together with a vibrational phonon absorption is followed by photon
emission in the optical resonator. Therefore, the detection of photons generated in the cavity mode
concomitantly contribute to phonon cooling detection of the nanomechanical resonator.
PACS numbers: 42.50.Ct, 63.22.-m, 78.67.Hc
I. INTRODUCTION
The nanomechanical resonator (NMR) is a relevant
tool for building ultra-sensitive measurement devises [1–
3]. Therefore, its properties were and are continuously
investigated. Outstanding works towards NMR cooling
to quantum regimes were already reported [4–10]. An
important issue here is how to detect experimentally the
mechanical vibrations of the NMR. One option is the
superconducting quantum interferometer where the vi-
brations of the NMR are detected via variation of the
magnetic field [11]. The mechanical vibrations can be de-
tected as well via a single-electron transistor which is ex-
tremely sensitive to electrical charges [12]. Additionally
one can use interference effects among the incident light
on the NMR and the reflected one [13]. Furthermore,
high-sensitivity optical monitoring of a micro-mechanical
resonator with a quantum-limited opto-mechanical sen-
sor was reported in Ref. [14], while fast sensitive dis-
placement measurements in Ref. [15], respectively. Re-
markably, the quantum motion of a nanomechanical res-
onator was experimentally observed in [16]. The possi-
bility of real time displacement detection by the lumi-
nescence signal and of displacement fluctuations by the
degree of second-order coherence function was recently
demonstrated in [17].
Here, we look for a regime where cooling of a nano-
mecanical oscillator is correlated with emission processes
such that the maximum photon detection corresponds to
vibrational phonon minimum. For this, we investigate
a laser-pumped two-level quantum dot which is fixed on
a nanomechanical beam while suspended in an optical
resonator (see Fig. 1a). If the quantum dot dynamics is
faster than that of nano-beam and cavity dynamics, re-
spectively, one arrives at a situation where laser photon
and phonon absorption processes are accompanied with
photon emission in the cavity mode (see Fig. 1b). There-
fore, the cavity photon detection assures the cooling of
the nanomechanical resonator.
The article is organized as follows. In Sec. II we de-
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scribe the theoretical framework used to obtain the mas-
ter equation characterizing the correlated cooling dynam-
ics of nanomechanical degrees of freedom. Section III
deals with the corresponding equations of motion and
discussion of the obtained results while the Summary is
given in the last section, i.e., Sec. IV.
II. THEORETICAL FRAMEWORK
Let’s consider a setup represented in Figure (1a): In-
side an optical resonator is placed a NMR incorporat-
ing a laser pumped two-level quantum dot. The laser
beam wave-vector is ~kL while its frequency is ωL. The
frequency of the optical resonator is ωC and the nanome-
chanical vibrational frequency is ω. The energy sepa-
ration between the excited bare-state |e〉 and the ground
one, |g〉, is denoted by ~ω0. The master equation describ-
ing the whole system in the Born-Markov approximations
and in a frame rotating at the laser frequency ωL is:
d
dt
ρ(t) +
i
~
[H, ρ] = −γ[S+, S−ρ]− γc[Sz, Szρ]
−κa[a
†, aρ]− κb(1 + n¯)[b
†, bρ]− κbn¯[b, b
†ρ] +H.c.,
(1)
FIG. 1: (color online) Schematic model: (a) A laser-pumped
two-level quantum dot with transition frequency ω0 is fixed
on a nanomechanical resonator vibrating at frequency ω. The
quantum dot is interacting also with the quantized resonator
optical mode of frequency ωC . (b) Correlated cooling dynam-
ics occurs when a laser photon absorption together with a
vibrational phonon absorption is accompanied by the emis-
sion of a cavity photon.
2where Sz and S
± are the qubit operators satisfying the
standard commutation relations, while {a†, a} and {b†, b}
are the generation and annihilation operators for photon
and phonon subsystems, respectively, and obey the bo-
son commutation relations [18]. γ and γc are the single-
qubit spontaneous decay and dephasing rates, respec-
tively, whereas κa(κb) is the photon (phonon) resonator
damping rate, and n¯ is the mean-phonon number corre-
sponding to temperature T and vibrational frequency ω.
The Hamilton operator, i.e. H , is given by the following
expression:
H = ~∆Sz − ~∆1a
†a+ ~ωb†b+ ~Ω(S+ + S−)
+ ~g(a†S− + aS+) + ~λSz(b
† + b). (2)
In Eq. (2), the first three terms describe the free energies
of the artificial two-level system as well as of the optical
and mechanical modes. The fourth and the fifth terms
characterize the interaction of the quantum dot with the
laser field and optical resonator mode, respectively. The
last term takes into account the interaction of the vi-
brational degrees of freedom with the radiator [4]. Cor-
respondingly, g and λ denote the interaction strengths
among the two-level emitter and the involved optical and
mechanical modes, while Ω is the corresponding Rabi fre-
quency due to external laser pumping. ∆ = ω0 − ωL
describes the detuning of the laser frequency from the
two-level transition frequency, while ∆1 = ωL − ωC ac-
cordingly is the detuning of the cavity frequency from
the laser one.
For our purpose, it is more appropriate to use the laser-
qubit dressed-state representation given by [19]: |g〉 =
sin θ|+〉+cos θ|−〉 and |e〉 = cos θ|+〉− sin θ|−〉, with |+〉
and |−〉 being the corresponding states in the dressed-
state picture. Here, 2θ is the angle in the right triangle,
drawn in imaginative space of frequencies, with adjoining
cathetus ∆/2 and opposite cathetus Ω, and, therefore,
cot 2θ = ∆/2Ω. In the case when Ω ≫ {γ, γc} ≫ κa,b
while Ω ≫ {g, λ} > {γ, γc}, meaning that the dynamics
of the cavity photon and NMR phonon subsystems are
slower than the quantum dot dynamics, one can elimi-
nated the quantum dot variables (see also [19–22]). Thus,
the master equation describing the cavity and NMR de-
grees of freedom can be represented as:
d
dt
ρ(t) +
i
2
(∆1 + ω)[b
†b− a†a, ρ] =
− A∗1[a, a
†ρ]−B∗1 [a
†, aρ]−A∗2[b, b
†ρ]
− B∗2 [b
†, bρ] + C∗1 [b, a
†ρ] +D∗1 [b
†, aρ]
+ C∗2 [a
†, bρ] +D∗2 [a, b
†ρ] +H.c.. (3)
Here ” ∗ ” means complex conjugation, whereas
A∗1 =
1
4
g2 sin2 2θ
Γq − i∆1
+
g2P− sin
4 θ
Γ⊥ + i(2ΩR −∆1)
+
g2P+ cos
4 θ
Γ⊥ − i(2ΩR +∆1)
,
A∗2 =
1
4
(
λ2 cos2 2θ
Γq + iω
+
λ2P− sin
2 2θ
Γ⊥ + i(2ΩR + ω)
+
λ2P+ sin
2 2θ
Γ⊥ − i(2ΩR − ω)
)
+ κbn¯,
C∗1 =
P+
2
gλ sin 2θ cos2 θ
Γ⊥ − i(2ΩR +∆1)
−
P−
2
gλ sin 2θ sin2 θ
Γ⊥ + i(2ΩR −∆1)
−
1
4
gλ sin 2θ cos 2θ
Γq − i∆1
,
C∗2 =
P−
2
gλ sin 2θ cos2 θ
Γ⊥ + i(2ΩR − ω)
−
P+
2
gλ sin 2θ sin2 θ
Γ⊥ − i(2ΩR + ω)
−
1
4
gλ sin 2θ cos 2θ
Γq − iω
.
Other parameters are: ΩR =
√
Ω2 + (∆/2)2, Γq=γ(1 −
cos2 2θ) + γc sin
2 2θ, Γ⊥=4γ0 + γ+ + γ−, γ+=γ cos
4 θ +
γc
4 sin
2 2θ, γ−=γ sin
4 θ + γc4 sin
2 2θ and γ0=
1
4 (γ sin
2 2θ +
γc cos
2 2θ). The dressed-state populations are given by:
P+ =
γ−
γ+ + γ−
, and P− =
γ+
γ+ + γ−
.
In Eq. (3), B∗i can be obtained from A
∗
i via P∓ ↔ P± as
well as by adding κa to B
∗
1 and κb to B
∗
2 , correspondingly.
Respectively, D∗i can be obtained from C
∗
i through P∓ ↔
P±, and {i ∈ 1, 2}. Notice that in obtaining Eq. (3)
we have ignored rapidly oscillating terms at frequencies:
±2∆1,±(∆1 − ω) and ±2ω, that is, we are interested in
a situation where ω ≈ −∆1.
III. RESULTS AND DISCUSSION
In the following, we shall describe the steady-state cor-
related cooling dynamics of the vibrational degrees of
freedom. Actually, adjusting the laser frequency to ful-
fill the condition ω + ∆1 ≈ 0, one shall look at situa-
tions when simultaneously photon laser and vibrational
phonon absorption processes are accompanied by a pho-
ton emission in the cavity mode, see Figure (1b). Using
the master equation (3), the following equations of mo-
tion can be obtained for the mean photon and phonon
numbers, respectively:
d
dt
〈a†a〉 = 〈a†a〉(A1 −B1 +A
∗
1 −B
∗
1) + 〈a
†b〉(C∗2 −D2)
+ 〈b†a〉(C2 −D
∗
2) +A1 +A
∗
1,
d
dt
〈b†b〉 = 〈b†b〉(A2 −B2 +A
∗
2 −B
∗
2 )− 〈a
†b〉(C∗1 −D1)
− 〈b†a〉(C1 −D
∗
1) +A2 +A
∗
2,
d
dt
〈a†b〉 = 〈a†b〉
(
A∗1 −B1 +A2 −B
∗
2 − i(∆1 + ω)
)
− 〈a†a〉(C1 −D
∗
1) + 〈b
†b〉(C2 −D
∗
2)− C1 −D
∗
2 ,
d
dt
〈b†a〉 = 〈b†a〉
(
A1 −B
∗
1 +A
∗
2 −B2 + i(∆1 + ω)
)
− 〈a†a〉(C∗1 −D1) + 〈b
†b〉(C∗2 −D2)− C
∗
1 −D2.
(4)
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FIG. 2: (color online) The steady-state mean-value of the
photon number 〈a†a〉 as a function of ∆1/γ. Here, γc/γ = 0.3,
g/γ = 2, λ/γ = 4, Ω/γ = 50, ω/γ = 50, ∆/(2Ω) = 0.5,
κa/γ = 0.01 and κb/γ = 0.001. The solid line corresponds
to n¯ = 10, the long-dashed one to n¯ = 4 whereas the short-
dashed line is for n¯ = 2, respectively.
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FIG. 3: (color online) The same as in Fig. (2) but for the
vibrational phonon mean-number 〈b†b〉.
Based on Eqs. (4), Figures (2) and (3) show the
steady-states of the cavity mean-photon number, and
the vibrational NMR mean-phonon number, respectively.
As it was mentioned before, the maximum photon de-
tection corresponds to NMR phonon minimum around
∆1 + ω ≈ 0. Furthermore, the quantum cooling is
still efficient while increasing the temperature, i.e. n¯.
These behaviors can be understood also by taking into
account that for certain positive laser-qubit frequency
detunings the qubit population is mostly in the lower
dressed-state |−〉. This means that the phonon gener-
ation processes are minimized while phonon absorption
followed simultaneously by photon laser absorption pro-
cesses are accompanied by photon emission in the cavity
mode. Therefore, the cavity maximum photon detec-
tion signifies also minimum of the vibrational quanta,
that is, the cooling detection of the NMR vibrational de-
grees of freedom. Notice a small shift between photon
maximum and phonon minimum detections for arbitrary
larger qubit-cavity and qubit-NMR coupling strengths
(see, also, Eq. 5). Finally, efficient cooling occurs as
well for uncorrelated regimes of phonon-photon detec-
tion processes, i.e. when ∆1 + ω ≫ γ (while correlated
regimes occur for ∆1 + ω ≪ γ). However, in this case,
i.e. uncorrelated regime, it is hard to manage to have
maximum photon cavity emission corresponding to vi-
brational NMR phonon cooling processes simply because
these processes are uncorrelated.
In what follows, we shall represent approximative an-
alytical expressions for the variables of interest in the
steady-state. This will help to understand the behav-
iors shown in Figs. (2) and (3). If one performs further
approximations {∆1, ω} ≫ Γq, 2ΩR ± ∆1 ≫ Γ⊥ and
2ΩR ± ω ≫ Γ⊥, the master equation (3) simplifies con-
siderably, namely,
d
dt
ρ(t) =
i
4
(∆1 + ω − δ¯a + δ¯b)[a
†a− b†b, ρ] + iη[ab†, ρ]
−κa[a
†, aρ]− κb(1 + n¯)[b
†, bρ]− κbn¯[b, b
†ρ] +H.c..
(5)
Here, the frequency shifts δ¯a(b) observed also in Fig. (2)
and Fig. (3) are given by the following expressions:
δ¯a = g
2(P+ −P−){sin
4 θ/(2ΩR+ω) + cos
4 θ/(2ΩR−ω)}
and δ¯b = ΩRλ
2 sin2 2θ(P+ − P−)/(4Ω
2
R − ω
2), whereas
η = gλ sin 2θ(P+ − P−)(ΩR cos 2θ + ω/2)/(4Ω
2
R − ω
2).
The last term of the first line in Eq. (5) with its H.c.
part describe the vibrational phonon emission followed by
cavity-photon absorption processes, and viceversa, medi-
ated by the laser field. Consequently, basing on Eq. (5),
Eqs. (4) reduce to:
d
dt
〈a†a〉 = −iη〈x〉 − 2κa〈a
†a〉,
d
dt
〈x〉 = 2iη
(
〈b†b〉 − 〈a†a〉
)
− (κa + κb)〈x〉,
d
dt
〈b†b〉 = iη〈x〉 − 2κb〈b
†b〉+ 2κbn¯, (6)
where x = ab†−a†b. We have assumed also that ∆1+ω =
δ¯a − δ¯b, i.e., we are interested in the maximal values of
mean-photon number corresponding to minimal values of
vibrational mean-phonon number, respectively (see, also,
Fig. 2 and Fig. 3). In the steady-state, one immediately
obtains from Eqs. (6) that:
κa〈a
†a〉+ κb〈b
†b〉 = κbn¯. (7)
This expression can help us to estimate the mean-
vibrational-phonon number if the mean-photon number
is known (i.e., detected). The explicit expressions for
the steady-state values of the photon and phonon mean
numbers are, respectively,
〈a†a〉 =
n¯κbη
2
(κa + κb)(κaκb + η2)
,
〈b†b〉 =
n¯κb
κa + κb
(
1 +
κ2a
κaκb + η2
)
, (8)
4or
〈b†b〉 = 〈a†a〉
(
1 + κa(κa + κb)/η
2
)
. (9)
Expressions (7) and (9) describe the efficiency of the pro-
posed vibrational phonon cooling method. In particular,
if κa ≫ κb while (κa/η)
2 ≪ 1, then 〈b†b〉 ≈ 〈a†a〉 ≈
(κb/κa)n¯ which can be as well below unity, i.e., 〈b
†b〉 < 1.
IV. SUMMARY
In summary, we have proposed a scheme to detect the
vibrational phonon cooling of a nanomechanical oscilla-
tor in the steady-state. The idea is based on correlating
the vibrational degrees of freedom with those of a laser-
pumped quantum dot when fixed on a nanomechanical
beam while interacting with an optical resonator. More
concretely, when the quantum dot dynamics is faster
than the corresponding ones of other involved subsys-
tems, one needs to adjust the laser frequency such that
both photon laser and NMR phonon absorption processes
are accompanied by photon emission in the resonator
mode. Therefore, detection of the cavity photons is fol-
lowed in parallel by cooling of the nanomechanical oscil-
lator. Finally, we give approximative analytical expres-
sions for the variables of interest which describe also the
method efficiency.
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